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Abstract. Energy finite element analysis (EFEA) has been developed to compute the energy 
distribution of vibrating structures. The method adopts the energy density as the basic variable of 
differential equation. The energy density can be used to analyze the behavior of vibrating beams. 
Firstly, an EFEA equation is obtained from the classical displacement equation. In the applications 
of uniform and non-uniform beams, the EFEA results are compared with the analytical and FEA 
results. Secondly, a junction formulation solving the discontinuity problem of energy density at 
the junction of two beams with stepped thickness is proposed. The EFEA equation combined with 
junction formulation is used to solve the energy transmission problem of the coupling beams with 
stepped thickness and variable cross-section. The smoothed results of coupling beams are 
achieved, and the differences of energy density at the junctions are analyzed. The feasibility of the 
EFEA approach is validated by using several design examples under the various frequencies and 
structural damping loss factors. 
Keywords: junction equation, energy flow, structural damping, vibration, variable section. 
1. Introduction 
In mid-to-high frequency range, the prediction of complex structural response using traditional 
finite element analysis (FEA) approach is time-consuming and costs a plenty of resources because 
the wavelength decreases when the analysis frequency increases [1, 2]. For this reason, statistical 
energy analysis (SEA) approach was proposed and widely applied to the industrial applications 
[3, 4]. SEA can seize the global energy variable of every divided system, but this approach cannot 
yield the space information of energy variable for every system [5, 6].  
Energy finite element analysis (EFEA) approach was recently proposed for the prediction of 
structural response in mid-to-high frequency range [7, 8]. Comparing with SEA approach, EFEA 
method can yield the space information of energy variable for every system and can use the 
numerical solution technique like FEA approaches. In the EFEA approach, the differential 
equation in terms of energy variation is formulated. The equation is developed for all wave bearing 
domains of every system. The results of energy density vary exponentially with the spatial position. 
Thus, a small number of finite elements can seize the energy variables. Comparing with FEA 
approach, the EFEA approach only uses less computational resources and a short time that affects 
the design cycles of mechanical products [9].  
There is a little difference between the energy relationships proposed by Nefske [1] and by 
Wohlever [4]. Nefske relationship is associated with local variables, but Wohlever relationship is 
associated with space-averaged variables [10]. Wohlever relationship is utilized to obtain the 
energy finite element equation in current investigation. When the wavelength is far less than the 
structural dimension, the far field assumption is valid enough for the response prediction of 
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vibrational structures in mid-to-high frequency range [11-13].  
In this paper, the EFEA approach is extended to the coupled beams with stepped thickness and 
variable cross-section in mid-to-high frequency range. It is less investigated on the published 
documents. Firstly, an EFEA equation is derived from the classical displacement equation for 
predicting the distribution of energy density for uniform and non-uniform beams. The deriving 
equation employs the energy variable to seize the vibration behavior of uniform and non-uniform 
beams. The obtained results of energy density are compared with the analytical and FEA results. 
Secondly, a junction equation in terms of group speeds and energy transfer coefficients is obtained. 
This junction equation is used to solve the problem of discontinuous nodal values of energy 
density in the junctions and applied to coupled beams with stepped thickness. Then, the smoothed 
results of coupled beams are available, and the differences between the left and right nodal values 
of energy density at the junctions are analyzed. A convergence study of the EFEA approach is 
achieved and confirmed. The feasibility of the developed EFEA approach is validated by using 
several design examples under the various excitation frequencies and hysteresis damping loss 
factors. 
2. Basic theory 
2.1. Analytical equation 
The motion equation for flexural waves in a uniform Euler-Bernoulli beam shown in Fig. 1, 
excited by a general forcing function is: 
𝐸𝐼 𝜕
ସ𝑤(𝑥, 𝑡)
𝜕𝑥ସ + 𝜌𝑆
𝜕ଶ𝑤(𝑥, 𝑡)
𝜕𝑥ଶ = 𝐹(𝑥, 𝑡), (1) 
where 𝑤(𝑥, 𝑡)  denotes a complex displacement in the transverse direction in the time 𝑡 , 𝐸𝐼 
denotes a bending stiffness, 𝜌𝑆 denotes a density for a unit length, 𝐹(𝑥, 𝑡) denotes a distributed 
forcing function in the direction 𝑥 in the time 𝑡 for a unit length.  
For this investigation, an excitation will be modeled as a harmonic point force. This excitation 
is a transverse force imposing perpendicular to the neutral axis and is defined mathematically as: 
𝐹(𝑥, 𝑡) = 𝐹଴𝛿(𝑥 − 𝑥଴)𝑒௝ఠ௧, (2) 
where 𝐹଴ is the magnitude of forcing function, 𝜔 is the excitation frequency, 𝑗 is the imaginary 
number, 𝛿(𝑥 − 𝑥଴) is a dirac delta function defined as: 
ቐ
𝛿(𝑥 − 𝑥଴) = 0,    𝑥 ≠ 𝑥଴,
න 𝛿(𝑥 − 𝑥଴)𝑑𝑥 = 1.
ஶ
ିஶ
  
From Eq. (1), a general solution can be obtained as: 
𝑤(𝑥, 𝑡) = [𝐴𝑒ି௝௞௫ + 𝐵𝑒ି௞௫ + 𝐶𝑒௝௞௫ + 𝐷𝑒௞௫]𝑒௝ఠ௧, (3) 
where the constants 𝐴, 𝐵, 𝐶 and 𝐷 are complex displacement amplitudes which can be determined 
from boundary conditions, 𝑘 denotes a flexural wavenumber, 𝜔 is the excitation frequency. For 
transversely vibrating beams, the boundary conditions of displacement, slope, moment, and shear 
force are allowed. In Eq. (3), the first term 𝐴𝑒ି௝௞௫ denotes a forward propagating flexural wave, 
the second term 𝐵𝑒ି௞௫  denotes a forward decaying nearfield, the third term 𝐶𝑒௝௞௫  denotes a 
backward propagating flexural wave, and the fourth term 𝐷𝑒௞௫  denotes a backward decaying 
nearfield. The flexural wavenumber 𝑘 is defined as: 
2923. APPLICATION OF THE ENERGY FINITE ELEMENT ANALYSIS TO VIBRATION OF BEAMS WITH STEPPED THICKNESS AND VARIABLE CROSS-
SECTION. ZHILI LIN, XILIANG CHEN, BO ZHANG 
 ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460, KAUNAS, LITHUANIA 2239 
𝑘 = ቈ𝜔
ଶ𝜌𝑆
𝐸𝐼 ቉
ଵ/ସ
. (4) 
For a beam excited by harmonic point force, the time-averaged energy density of flexural 
waves is: 
⟨𝑒⟩ = 14 𝐸𝐼 ቆ
𝜕ଶ𝑤
𝜕𝑥ଶ
𝜕ଶ𝑤∗
𝜕𝑥ଶ ቇ +
1
4 𝜌𝑆 ൬
𝜕𝑤
𝜕𝑡
𝜕𝑤∗
𝜕𝑡 ൰, (5) 
where the first term is the time-averaged potential energy density item, the second is the 
time-averaged kinetic energy density item, 𝑤∗  is the complex displacement, 𝜕ଶ𝑤/𝜕𝑥ଶ  is the 
conjugate of the angular displacement, 𝜕ଶ𝑤∗/𝜕𝑥ଶ  is the complex conjugate of the angular 
displacement, 𝜕𝑤/𝜕𝑡 is the conjugate of the transverse velocity, 𝜕𝑤∗/𝜕𝑡 is the complex conjugate 
of the transverse velocity. Eq. (5) is referred to as the “exact” results of energy density for 
Euler-Bernoulli beams. 
 
Fig. 1. A free-clamped uniform beam 
2.2. Energy finite element equation 
In the far field, the energy equation of the vibrating Euler-Bernoulli beam with a flexural 
excitation can be expressed as [4]: 
− 𝑐௚
ଶ
𝜔𝜂
𝑑ଶ⟨𝐞ത⟩
𝑑𝑥ଶ + 𝜔𝜂⟨𝐞ത⟩ = ⟨𝛑௜௡⟩, (6) 
where 𝑐௚ denotes a group speed of flexural wave [12], 𝜂 denotes a structural damping, 𝜔 denotes 
an analysis frequency, ⟨𝐞ത⟩ denotes an item of energy density in terms of time- and space-averaged, 
⟨𝛑௜௡⟩ denotes an input power item [14] defined as: 
⟨𝜋௜௡⟩ = ሼ𝜋௜௡ଵ ⋯ 𝜋௜௡௠ሽ, (7) 
𝜋௜௡௜ =
1
2 |𝐹଴|
ଶ𝑅𝑒𝑎𝑙 ൜ 1𝑍ஶൠ, (8) 
𝑍ஶ =
1
2 𝜌𝑆𝑐௕(1 + 𝑗), (9) 
where 𝑖 denotes a number among 1, ..., 𝑚, 𝐹଴ denotes a magnitude of harmonic point force, “Real” 
in Eq. (8) denotes exacting the real part of a quantity, 𝑍ஶ denotes an input impedance [15], 𝜌 
denotes the density of beam material, 𝑆 denotes an area of cross-section, 𝑐௕ denotes the phase 
speed of the flexural wave, 𝑗 denotes an imaginary number. 
An EFEA equation to predict the structural response of vibrational beams will be achieved 
from Eq. (6). References [1, 3] report that the EFEA equation can be solved numerically, and the 
solution process is like FEA methods. From the Eq. (6), a weak form is obtained as: 
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න 𝛟் ቊ− 𝑐௚
ଶ
𝜔𝜂 ∇
ଶ⟨𝐞ത⟩ + 𝜔𝜂⟨𝐞ത⟩ − ⟨𝛑௜௡⟩ቋ 𝑑𝑥 = 0, (10) 
where 𝛟் denotes a test function transpose. Applying the integral subsection integration approach, 
an expression can be available as: 
න 𝛟் ቊ− 𝑐௚
ଶ
𝜔𝜂 ∇
ଶ⟨𝐞ത⟩ቋ 𝑑𝑥 = න ቊ− 𝑐௚
ଶ
𝜔𝜂
𝑑𝛟்
𝑑𝑥
𝑑⟨𝐞ത⟩
𝑑𝑥 ቋ 𝑑𝑥 + 𝛟
் ቈ 𝑐௚
ଶ
𝜔𝜂
𝑑⟨𝐞ത⟩
𝑑𝑥 ቉௫೔
௫೔శభ
, (11) 
where 𝑥௜ denotes left value of a beam element, and 𝑥௜ାଵ denotes right value of a beam element.  
Eq. (11) is substituted into Eq. (10), an expression is: 
න ቊ 𝑐௚
ଶ
𝜔𝜂
𝑑𝛟்
𝑑𝑥
𝑑⟨𝐞ത⟩
𝑑𝑥 ቋ 𝑑𝑥 + නሼ𝜔𝜂⟨𝐞ത⟩ሽ 𝑑𝑥 = නሼ𝛟
்⟨𝛑௜௡⟩ሽ 𝑑𝑥 + 𝜙் ቈ
𝑐௚ଶ
𝜔𝜂
𝑑⟨𝐞ത⟩
𝑑𝑥 ቉௫೔
௫೔శభ
, (12) 
where first item denotes a stiffness matrix, second item denotes a mass matrix, third item denotes 
an input power, and the fourth item denotes an energy flow across boundaries. The derivation of 
EFEA equation is finished by employing Galerkin weighted residual approach. In the Eq. (12), 
the energy density and the test function can be expressed as: 
⟨𝐞ത⟩ = ෍ 𝑁௜𝑒௜
௠
௜ୀଵ
, (13) 
𝛟 = [𝑁ଵ(𝑥) ⋅⋅⋅ 𝑁௠(𝑥)], (14) 
where 𝑁௜ is a shape function of a beam element, 𝑖 denotes a number among 1, ..., 𝑚. 
Finally, the EFEA equation of a beam element is formed as: 
𝐊(௘)𝐞(௘) = 𝛑௜௡(௘) + 𝐁(௘), (15) 
where: 
𝐊(௘) = න ቊ 𝑐௚
ଶ
𝜔𝜂
𝑑𝛟்
𝑑𝑥
𝑑𝛟
𝑑𝑥 ቋ 𝑑𝑥 + නሼ𝜔𝜂𝛟ሽ 𝑑𝑥, (16) 
𝐞(௘) = ൝
𝑒ଵ
⋮
𝑒௠
ൡ, (17) 
𝛑௜௡(௘) = නሼ𝛟்⟨𝛑௜௡⟩ሽ 𝑑𝑥, (18) 
𝐁(௘) = 𝛟் ቈ 𝑐௚
ଶ
𝜂𝜔
𝑑𝛟
𝑑𝑥 ቉௫೔
௫೔శభ
. (19) 
In Eq. (15), 𝐊(௘)  denotes the element stiffness-mass matrix [16], 𝐞(௘)  denotes the energy 
density item for a beam element, 𝛑௜௡(௘) denotes the input energy flow item for a beam element, 𝐁(௘) 
denotes the energy flow across the element boundaries. The all element equations for a vibrational 
beam are assembled into the global equation [16], then we can get a global EFEA equation as: 
𝐊𝐞 = 𝛑௜௡ + 𝐁. (20) 
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2.3. Junction equation 
In EFEA approach, the nodal values of energy density are continuous when all finite elements 
have the same property. However, energy density values of elements with the different 
geometrical shapes or material properties are not continuous [17, 18]. Generally, these boundaries 
are called junctions. An equation evaluating energy density values across the boundaries is 
developed here. But energy flow values at the junctions are continuous. This energy flow balance 
equation can be utilized to derive the relationship between energy density and energy flow.  
Two connected semi-infinite beams are shown in Fig. 2. In this application, energy flow 
transmitting coefficients are available through the energy flow transmission coefficient equations. 
The net flexural energy flow away from a junction of coupled beams with stepped thickness are: 
⟨𝑞⟩ଶା = 𝜏ଵଶ⟨𝑞⟩ଵା + 𝑟ଶଶ⟨𝑞⟩ଶି , (21) ⟨𝑞⟩ଵି = 𝑟ଵଵ⟨𝑞⟩ଵା + 𝜏ଶଵ⟨𝑞⟩ଶି , (22) 
where 𝜏௜௝  denotes a flexural energy flow transmitted coefficient in the 𝑗th beam owing to the 
incident flexural wave in the 𝑖th beam (𝑖, 𝑗 = 1, 2), 𝑟௜௜ denotes a flexural energy flow reflected 
coefficient in the 𝑖th beam owing to the incident flexural wave in the 𝑖th beam. From reciprocity, 
𝜏௜௝ = 𝜏௝௜ and 𝑟௜௜ = 𝑟௝௝. On left side of the junction in Fig. 2, node 1 belongs to the finite element 1, 
and on right side of the junction, node 2 belongs to the finite element 2. At the junction, the net 
energy flow of nodes 1 and 2 are expressed as the difference between the positive and negative 
movement energy flow: 
𝑞ଵ = 𝑞ଵା − 𝑞ଵି , (23) 
𝑞ଶ = 𝑞ଶା − 𝑞ଶି , (24) 
where: 
𝑞௜ା = 𝑐௚௜𝑒௜ା, (25) 
𝑞௜ି = 𝑐௚௜𝑒௜ି . (26) 
In Eqs. (25) and (26), the subscript 𝑖 is the node number (𝑖 = 1, 2), 𝑞௜ାand 𝑞௜ି  are the positive 
and negative movement energy flow in the 𝑖th beam respectively, 𝑐௚௜ is the group speed of flexural 
wave in the 𝑖th beam. 
Substituting Eq. (22) into Eq. (23), a relationship can be obtained as: 
𝑞ଵ = 𝑐௚ଵ(1 − 𝑟ଵଵ)𝑒ଵା − 𝑐௚ଶ𝜏ଶଵ𝑒ଶି . (27) 
Since the energy flow values at the junction are continuous, a continuity relationship exists as: 
𝑞ଵ + 𝑞ଶ = 0. (28) 
From Eq. (28), the energy flow at node 2 is the negative of energy flow at node 1. Thus, the 
energy flow at node 2 is: 
𝑞ଶ = −𝑐௚ଵ(1 − 𝑟ଵଵ)𝑒ଵା − 𝑐௚ଶ𝜏ଶଵ𝑒ଶି . (29) 
In matrix form, Eqs. (27) and (29) can be written as: 
ቄ𝑞ଵ𝑞ଶቅ = [𝐏]ଶ×ଶ ൜
𝑒ଵା
𝑒ଶି ൠ, (30) 
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where: 
[𝐏]ଶ×ଶ = ቈ
𝑐௚ଵ(1 − 𝑟ଵଵ) −𝑐௚ଶ𝜏ଶଵ
−𝑐௚ଵ(1 − 𝑟ଵଵ) 𝑐௚ଶ𝜏ଶଵ ቉. (31) 
Next, the energy density values of element nodes at the junction can be written in terms of 
positive and negative movement energy density. At the junction, the total energy density at nodes 
1 and 2 can be expressed as: 
𝑒ଵ = 𝑒ଵା − 𝑒ଵି , (32) 
𝑒ଶ = 𝑒ଶା − 𝑒ଶି . (33) 
Substituting Eqs. (25) and (26), and Eqs. (21) and (22) into Eqs. (32) and (33), the relationships 
can be obtained as: 
𝑒ଵ = (1 + 𝑟ଵଵ)𝑒ଵା +
𝑐௚ଶ
𝑐௚ଵ 𝜏ଶଵ𝑒ଶି , (34) 
𝑒ଶ =
𝑐௚ଵ
𝑐௚ଶ 𝜏ଵଶ𝑒ଵ
ା + (1 + 𝑟ଶଶ)𝑒ଶି . (35) 
In matrix form, Eqs. (34) and (35) can be written as: 
ቄ𝑒ଵ𝑒ଶቅ = [𝐄]ଶ×ଶ ൜
𝑒ଵା
𝑒ଶି ൠ, (36) 
where: 
[𝐄]ଶ×ଶ =
⎣
⎢
⎢
⎡1 + 𝑟ଵଵ
𝑐௚ଶ
𝑐௚ଵ 𝜏ଶଵ𝑐௚ଵ
𝑐௚ଶ 𝜏ଵଶ 1 + 𝑟ଶଶ⎦
⎥
⎥
⎤
. (37) 
Now, the relationships given by Eqs. (30) and (37) are combined so that the nodal energy flow 
at the junction can be represented over the nodal energy density at the junction. In matrix form, 
nodal values of energy flow are: 
ቄ𝑞ଵ𝑞ଶቅ = [𝐉]ଶ×ଶ ቄ
𝑒ଵ
𝑒ଶቅ, (38) 
where: 
[𝐉]ଶ×ଶ = [𝐏]ଶ×ଶ[𝐄]ଶ×ଶିଵ =
1
2(𝑟ଵଵ + 𝑟ଶଶ) ൤
2𝑐௚ଵ𝜏ଵଶ −2𝑐௚ଶ𝜏ଶଵ
−2𝑐௚ଵ𝜏ଵଶ 𝑐௚ଶ𝜏ଶଵ ൨. (39) 
Eq. (39) is the junction element matrix equation for the propagating wave type in two coupled 
elements. Adding Eq. (39) into Eq. (19), the equilibrium equation in terms of the nodal energy 
density is: 
቎൥𝐊ଵ
(௘)
𝐊ଶ(௘)
൩ + 𝐉቏ ቊ𝐞ଵ
(௘)
𝐞ଶ(௘)
ቋ = ቊ𝛑ଵ
(௘)
𝛑ଶ(௘)
ቋ + ቊ𝐁ଵ
(௘)
𝐁ଶ(௘)
ቋ, (40) 
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where 𝐊ଵ(௘) is the stiffness-mass matrix of element 1, and 𝐊ଶ(௘) is the stiffness-mass matrix of 
element 2, 𝐉 is a coupled matrix calculating the energy flow at the junction, 𝐞ଵ(௘) is the energy 
density of the element 1, and 𝐞ଶ(௘) is the energy density of the element 2, 𝛑ଵ(௘) is the power input 
to the element 1, and 𝛑ଶ(௘) is the power input to the element 2, 𝐁ଵ(௘) is the energy flow at the 
boundary of element 1, and 𝐁ଶ(௘) is the energy flow at the boundary of element 2. In this paper, the 
cross-section areas at the junction of two coupled beams with stepped thickness are not equal. The 
different cross-section areas make nodal values of energy density discontinuous. The junction 
equations at the all junctions are assembled into a global equation. A global EFEA equation for 
coupling beams with stepped thickness and variable cross-section is obtained as: 
[𝐊 + 𝐉𝐂]𝐞 = 𝛑௜௡ + 𝐁, (41) 
where 𝐉𝐂 is a global junction matrix containing junction matrices at the all junctions. 
 
Fig. 2. Node placement at the junction of coupled structural elements 
3. Applications 
Firstly, the convergence study is achieved by analyzing the relation between element number 
and energy density through a uniform beam. Then, the errors between EFEA and analytical results 
are analyzed. Secondly, EFEA, analytical and FEA approaches are utilized to predict the structural 
response of a uniform beam with the boundaries of one free and one clamped at each end. These 
approaches also applied to a non-uniform beam. The EFEA results are compared with analytical 
and FEA results to verify the equation in terms of energy density in the EFEA approach. Finally, 
the junction equation is applied to coupled beams with stepped thickness. In all applications, the 
element sizes are approached to or greater than one sixth of the wavelength. This request is 
satisfied with the calculation accuracy. 
3.1. The convergence study 
A uniform beam shown in Fig. 1 is utilized to analyze the convergence of the EFEA method. 
Parameters are employed as below: 𝐿 =  1 m, 𝐸 =  2×1011 N/m2, 𝐼 =  3.217×10-9 m4,  
𝜌 = 7800 kg/m3, 𝑆 = 2.011×10-4 m2, 𝐹଴ = 20 N, 𝜂 = 0.005, 𝑓 = 50,000 Hz. Fig. 3 presents the 
nodal values of energy density at the center (𝑥 = 𝐿/2) of the beam tend to be uniformed and 
converged as the number of elements increase. Table 1 presents that the error is approximated to 
2.78 % when the element number increases to 36 (the size of element length closes to 𝜆/4, 
typically 𝜆 is the length of flexural wave), and the error closes to zero when the element number 
increases to 48. The results present the convergence speed of the EFEA method is relatively quick, 
and this method is also used to calculate the energy density of vibrational structures at high 
frequency. 
Table 1. Errors between EFEA and Exact results at 𝑥 = 𝐿/2 (𝑓 = 50,000 Hz, 𝜂 = 0.005) 
No. Element number EFEA (dB) Exact (dB) Error (%) 
1 12 51.287 45.042 13.84 
2 20 48.940 45.042 8.65 
3 28 47.421 45.042 5.28 
4 36 46.297 45.042 2.78 
5 44 45.404 45.042 0.80 
6 48 45.048 45.042 0.00 
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Fig. 3. The EFEA results of the free-clamped uniform beam at 𝑥 = 𝐿/2 when the structural damping is 
0.005 and the analysis frequency is 50,000 Hz. The reference energy density is 1×10-12 J/m2 
3.2. A uniform beam 
A uniform beam shown in Fig. 1 is subjected to the transverse excitation 𝐹଴𝑒௝ఠ௧  with the 
amplitude 𝐹଴ = 20 N which is acted on the free end. This uniform beam is employed to predict 
the structural respone through the EFEA, analytical and FEA approaches. Beam parameters are 
given as: 𝐿 = 1 m, 𝐸 = 2×1011 N/m2, 𝐼 = 3.217×10-9 m4, 𝜌 = 7800 kg/m3, 𝑆 = 2.011×10-4 m2.  
Fig. 4 presents the Exact and EFEA results at 𝑥 = 𝐿/2 under various excitation frequencies 
and the structural damping 𝜂 = 0.05. The presented EFEA results are the frequency average of 
analytical results which are described by “exact” results in the current investigation. The presented 
EFEA results are independent of the element resonant states. The analytical results are acquired 
without space- and time-averaged, and the wavelengths are small at higher frequencies. Therefore, 
at higher frequencies, the variance of analytical results tends to be uniform and the presented 
EFEA solutions are analogous to the analytical results. 
 
Fig. 4. The EFEA results of the free-clamped uniform beam at 𝑥 = 𝐿/2 for various frequencies  
and the structural damping 𝜂 = 0.05. The reference energy density is 1×10-12 J/m2 
Fig. 5 presents the EFEA results when the frequency is 20,000 Hz and structural damping loss 
factors are 0.005, 0.01, 0.05, respectively. According Eq. (15), if the structural damping becomes 
small, the values in the stiff-matrix get big and the values in the mass-matrix get small. The 
presented EFEA results decrease slowly with distance from the free end and approach to zero near 
the clamped end. As the structural damping loss factor decreases from 0.05 to 0.005, the value of 
energy density decreases when the frequency is 20,000 Hz.  
Fig. 6 presents the Exact, EFEA and FEA results of the uniform beam during the structural 
damping 0.005 and excitation frequencies 1000 Hz through 80,000 Hz, respectively. The energy 
variables are spatially averaged and time averaged, so presented EFEA results are smoothed. The 
presented EFEA results are independent of the element resonant states. Even if EFEA results are 
smoothed, the results also effectively reflect the global variation of analytical results, for the 
evanescent wave is neglected in the EFEA models. As the excitation frequency increases from 
1000 Hz to 80,000 Hz, the averaged energy density decreases from 77.23 dB to 45.18 dB. The 
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EFEA results are compared with analytical and FEA results. In Fig. 6(a), the Exact results are 
between EFEA and FEA results. At the lower frequency, the FEA approach is qualified to analyze 
the vibration response of the uniform beam. In Fig. 6(g), the EFEA results are more similar to the 
analytical results than FEA results. It is showed the EFEA approach is qualified to analyze the 
vibration response of the uniform beam at higher frequency.  
 
Fig. 5. The EFEA results of the free-clamped uniform beam under the analysis frequency 𝑓 = 20,000 Hz 
and structural damping loss factors (𝜂 = 0.005, 0.01, 0.05). The reference energy density is 1×10-12 J/m2 
 
a) 
 
b) 
 
c) 
 
d) 
 
 
 
 
 
e) 
Fig. 6. The Exact, EFEA and FEA results of a uniform beam (𝜂 = 0.005): a) 𝑓 = 1000 Hz,  
b) 𝑓 = 3000 Hz, c) 𝑓 = 5000 Hz, d) 𝑓 = 11,000 Hz, e) 𝑓 = 30,000 Hz, f) 𝑓 = 50,000 Hz,  
g) 𝑓 = 80,000 Hz. The reference energy density is 1×10-12 J/m2 
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3.3. A non-uniform beam 
A non-uniform beam drawn in Fig. 7 is taken into account. A harmonic excitation 𝐹଴𝑒௝ఠ௧ with 
the amplitude 𝐹଴ =  20 N is acted on the free end. The non-uniform beam parameters are:  
𝐿 = 1 m, 𝐸 = 2×1011 N/m2, 𝐼௫ଵୀ଴ = 3.217×10-9 m4, 𝐼௫ଶୀ௅ = 1.628×10-8 m4, 𝜌 = 7800 kg/m3, 
𝑆௫ଵୀ଴ = 2.011×10-4 m2, 𝑆௫ଶୀ௅ = 4.524×10-4 m2, 𝜂 = 0.005. 
Fig. 8 presents the Exact, EFEA and FEA results of a non-uniform beam under the structural 
damping 0.005 and analysis frequencies 1000 Hz through 80,000 Hz, respectively. Similar to the 
uniform beam, the FEA results are effective at lower frequencies. However, the EFEA results in 
the non-uniform beam are closer to the analytical results than FEA results at higher frequencies. 
In Fig. 8(e)-(g), EFEA results are smaller than FEA results because more energies are dissipated 
in the EFEA model due to structural damping. As the excitation frequency increases from 1000 Hz 
to 80,000 Hz, the averaged energy density decreases from 72.44 dB to 43.92 dB. 
 
Fig. 7. A non-uniform beam 
3.4. Free-clamped beams with stepped thickness and variable cross-section 
In this section and next section, the junction formulation is employed to build the EFEA model 
at the junction across the beams with steeped thickness and variable cross-section. In order to use 
the energy flow at the junction to establish the junction expression, the node at the junction should 
be copied into two nodes.  
Fig. 9 presents the free-clamped beams with stepped thickness and variable cross-section, which 
is loaded by an input excitation 𝐹଴𝑒௝ఠ௧ with 𝐹଴ = 1 N. Such a model is employed to predict the 
analytical, EFEA and FEA results. The properties of coupled beams are: 𝐿௔  = 𝐿௕  = 𝐿௖  = 1/3 m,  
𝐸௔  = 𝐸௕  = 𝐸௖  = 2×1011 N/m2, 𝐼௫ଵ  = 1.88×10-9 m4, 𝐼௫ଶ௅  = 3.22×10-9 m4, 𝐼௫ଶோ  = 5.15×10-9 m4,  
𝐼௫ଷ௅  = 7.85×10-9 m4, 𝐼௫ଷோ  = 1.15×10-8 m4, 𝐼௫ସ  = 1.63×10-8 m4, 𝜌௔  = 𝜌௔  = 7800 kg/m3,  
𝑆௫ଵ  = 1.54×10-4 m2, 𝑆௫ଶ௅  = 2.01×10-4 m2, 𝑆௫ଶோ  = 2.54×10-4 m2, 𝑆௫ଷ௅  = 3.14×10-4 m2,  
𝑆௫ଷோ = 3.80×10-4 m2, 𝑆௫ସ = 4.51×10-4 m2, 𝜂௔ = 𝜂௕ = 𝜂௖ =0.03 or 0.05. 
Fig. 10 presents the EFEA results of the free-clamped beams when the frequencies are  
3000 Hz, 9000 Hz, 15,000 Hz, 30,000 Hz and 80,000 Hz, respectively. The value of energy density 
decreases as the any part of beams is away from the free end of beam A. There are two sudden 
changes at the two junctions, and the jump at 𝑥 = 𝐿௔ is larger than another jump at 𝑥 = 𝐿௔ + 𝐿௕. 
At the given frequency, the level of energy density at the structural damping 0.03 is higher than 
that at the structural damping 0.05, shown in Fig. 10(a) through Fig. 10(e). At the given structural 
damping, the level of energy density at the frequency 3000 Hz is higher than that at the frequency 
9000 Hz, shown in Fig. 11(a) or Fig. 11(b). It is showed that the value of energy density decreases 
as the structural damping or the excitation frequency increases. Table 2 presents the EFEA results 
at the discontinuities. The difference of energy density at the junction under the structural damping 
0.05 is larger than that at the structural damping 0.03 at 𝑥 = 𝐿௔. It is shown that more energies are 
dissipated by the increasing structural damping. Under the structural damping 0.03, the difference 
of energy density is from 2.86 dB to 5.82 dB when the excittion frequency is from 1000 Hz to 
80,000 Hz. Also, the difference is from 3.80 dB to 6.36 dB under the structural damping 0.05. 
This phenomenon indicates that at the given structural damping the difference of energy density 
becomes big as the frequency increases. Eq. (38) which is a junction equation is used to deal with 
the discontinuity problem of energy density at the junction of beams with stepped thickness. The 
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results at the junction of beams with steeped thickness and variable cross-section show the validity 
of the EFEA approach. 
a) b) 
 
c) 
 
d) 
 
e) 
 
f) 
 
g) 
Fig. 8. The Exact, EFEA and FEA results of a uniform beam: a) 𝑓 =1000 Hz, b) 𝑓 = 3000 Hz,  
c) 𝑓 = 5000 Hz, d) 𝑓 = 11,000 Hz, e) 𝑓 = 30,000 Hz, f) 𝑓 = 50,000 Hz, g) 𝑓 = 80,000 Hz.  
The reference energy density is 1×10-12 J/m2 
Table 2. The EFEA results at the discontinuities 
Case 𝑥 = 𝐿௔௅   (𝜂 = 0.03) 
𝑥 = 𝐿௔ோ  
(𝜂 = 0.03) 
Difference 
(𝜂 = 0.03) 
𝑥 = 𝐿௔௅  
 (𝜂 = 0.05) 
𝑥 = 𝐿௔ோ  
(𝜂 = 0.05) 
Difference 
(𝜂 = 0.05) 
a 45.25 42.39 2.86 43.54 39.74 3.80 
b 38.64 34.77 3.87 36.82 31.97 4.85 
c 35.53 31.17 4.36 33.60 28.29 5.31 
d 31.24 26.23 5.01 29.06 23.22 5.84 
e 24.90 19.08 5.82 22.06 15.70 6.36 
Note: 𝐿௔௅ is the left of length 𝐿௔, 𝐿௔ோ  is the right of length 𝐿௔ 
 
Fig. 9. Free-clamped beams with stepped thickness and variable cross-section 
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a) 
 
b) 
 
c) 
 
d) 
 
e) 
Fig. 10. The EFEA results of free-clamped beams at different frequencies: a) f= 3000 Hz, b) 𝑓 = 9000 Hz, 
c) 𝑓 = 15,000 Hz, d) 𝑓 = 30,000 Hz, e) 𝑓 = 80,000 Hz. The reference energy density is 1×10-12 J/m2 
 
a) 
 
b) 
Fig. 11. The EFEA results of free-clamped beams under different structural damping:  
a) 𝜂 = 0.03, b) 𝜂 = 0.05. The reference energy density is 1×10-12 J/m2 
3.5. Two-end-clamped beams with stepped thickness and variable cross-section 
Two-end-clamped beams with stepped thickness and variable cross-section are shown in 
Fig. 12. A harmonic point force 𝐹଴𝑒௝ఠ௧ with 𝐹଴ = 1 N is enforced on the center of beam B. The 
two-end-clamped beams are adopted to acquire the analytical, EFEA and FEA solutions. The 
properties of coupled beams are: 𝐿௔ = 𝐿௖  = 0.5 m, 𝐿௕ = 1 m, 𝐸௔ = 𝐸௕  = 𝐸௖ =2×1011 N/m2, 
𝐼௫ଵ =  1.63×10-8 m4, 𝐼௫ଶ௅ =  7.85×10-8 m4, 𝐼௫ଶோ = 𝐼௫ଷ௅ =  5.153×10-9 m4, 𝐼௫ଷோ =  7.85×10-9 m4, 
𝐼௫ସ =  1.63×10-8 m4, 𝜌௔ = 𝜌௕ = 𝜌௖ =  7800 kg/m3, 𝜂௔ = 𝜂௕ = 𝜂௖ =  0.005 or 0.05,  
𝑆௫ଵ =  4.52×10-4 m2, 𝑆௫ଶ௅ =  3.14×10-4 m2, 𝑆௫ଶோ = 𝑆௫ଷ௅ =  2.54×10-4 m2, 𝑆௫ଷோ =  3.14×10-4 m2,  
𝑆௫ସ = 4.52×10-4 m2. 
 
Fig. 12. Two-end-clamped beams with stepped thickness and variable cross-section 
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Fig. 13 presents the EFEA results for two-end-clamped beams when the frequencies are 
3000 Hz, 9000 Hz, 15,000 Hz, 30,000 Hz, 50,000 Hz and 80,000 Hz respectively. The value of 
energy density decreases as the any part of beams is away from the harmonic excitation point at 
beam B. Similar to the free-clamped beams in the section 3.4, two jumps of EFEA results exist in 
the junctions. When the frequencies are 3000 Hz through 80,000 Hz, the level of energy density 
of beam B at the hysteresis damping 0.005 is higher than that at the hysteresis damping 0.05.  
 
a) 
 
b) 
 
c) 
 
d) 
 
e)  f) 
Fig. 13. The EFEA results of two-end-clamped beams at different excitation frequencies: a) 𝑓 = 3000 Hz, 
b) 𝑓 = 9000 Hz, c) 𝑓 = 15,000 Hz, d) 𝑓 = 30,000 Hz, e) 𝑓 = 50,000 Hz, f) 𝑓 = 80,000 Hz 
 
a) 
 
b) 
Fig. 14. The EFEA results of two-end-clamped beams under different structural damping:  
a) 𝜂 = 0.005, b) 𝜂 = 0.05. The reference energy density is 1×10-12 J/m2 
However, the level of energy density of beam A or beam C at hysteresis damping 0.005 is 
lower than that at the hysteresis damping 0.05 when the frequencies are 3000 Hz through 
30,000 Hz, similarly for some part of beam A or beam C at 50,000 Hz in Fig. 13(e). The energy 
density level of some part of beam A or beam C at the hysteresis damping 0.005 is higher than 
that at the hysteresis damping 0.05 in Fig. 13(e), similarly for beam A or beam C at 80,000 Hz in 
Fig. 13(f). This phenomenon results from the boundary conditions and the discontinuities which 
affect the propagation of flexural wave. Fig. 14 presents the EFEA results when the structural 
damping is 0.005 and 0.05. When the hysteresis damping is constant, the level of energy density 
declines as the frequency increases. Table 3 presents the EFEA results at the discontinuities. The 
change trend of the difference of energy density at the junction is reversely compared with the 
free-clamped beams in section 3.4. It is caused by the different boundary conditions or geometrical 
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structures. The difference of energy density at the structural damping 0.005 is larger than that at 
the damping 0.05. For example, in Fig. 13(a) the difference value decreases from 23.22 dB to 
9.81 dB at 𝑥 = 𝐿௔ as the hysteresis damping increases from 0.005 to 0.05. When the structural 
damping is constant, the difference of energy density decreases as the frequency increases. For 
example, the difference of energy density at the damping 0.005 is from 23.22 dB under the 
frequency 3000 Hz to 12.34 dB under 80,000 Hz, similarly from 9.81 dB to 5.84 dB at the damping 
0.05. It is showed that the increasing damping or frequency makes the junction dissipate less 
energies. 
Table 3. The EFEA results at the discontinuities 
Case 𝑥 = 𝐿௔௅ (𝜂 = 0.005) 
𝑥 = 𝐿௔ோ 
 (𝜂 = 0.005) 
Difference 
 (𝜂 = 0.005) 
𝑥 = 𝐿௔௅ 
(𝜂 = 0.05) 
𝑥 = 𝐿௔ோ 
(𝜂 = 0.05) 
Difference 
(𝜂 = 0.05) 
a 11.53 34.75 23.22 22.77 32.58 9.81 
b 12.90 29.78 16.88 18.36 26.33 7.97 
c 11.63 27.42 15.79 15.93 23.18 7.25 
d 9.83 24.17 14.34 12.09 18.57 6.48 
e 8.43 21.72 13.29 8.75 14.84 6.09 
f 7.07 19.41 12.34 5.23 11.07 5.84 
Note: 𝐿௔௅ is the left of length 𝐿௔, 𝐿௔ோ is the right of length 𝐿௔ 
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4. Conclusions 
The paper has focused on energy finite element analysis of vibrating beams with stepped 
thickness and variable cross-section in mid-to-high frequency range. An energy finite element 
formulation based on the energy variation and the far field assumption has been proposed 
specifically for predicting the distribution of energy density of uniform beams. The junction 
equation deduced from the balance equation of energy flow has provided an effective approach to 
resolve the problem of discontinuous energy density at the junction of coupled beams with stepped 
thickness. 
The feasibility of the developed energy finite element approach has been validated by 
employing several design examples under the various excitation frequencies and structural 
damping loss factors. The convergence study of given example presents the error is approximated 
to 2.78 % when the size of element length is close to 𝜆/4 (typically 𝜆 is the length of flexural 
wave). Comparing the EFEA solutions with the “exact” and FEA results for uniform and non-
uniform beams, the present EFEA solutions are smoothed to represent effectively the global 
variation of the analytical results at high frequency. At lower frequencies, the FEA results seem 
to be in accord with the analytical results. However, at higher frequencies the EFEA results are 
analogous to the analytical results.  
In the free-clamped beams with stepped thickness and variable cross-section, two jumps of the 
EFEA results are on the junctions. The value of energy density decreases as the structural damping 
or the exciation frequency increases. When the excitation frequency is constant, the difference of 
energy density at the junction under the structural damping 0.05 is larger than that at the structural 
damping 0.03. At the given structural damping, the difference of energy density becomes big as 
the frequency increases. It is show that more energies are dissipated due to the increasing structural 
damping or excitation frequency. 
In the two-end-clamped beams with stepped thickness and variable cross-section, there are 
also two jumps on the junctions. The level of energy density of beam B at the hysteresis damping 
0.005 is higher than that at the hysteresis damping 0.05 when the frequencies are 3000 Hz through 
80,000 Hz. However, the level of energy density of beam A or beam C at the hysteresis damping 
0.005 is lower than that at the hysteresis damping 0.05 when the frequencies are 3000 Hz through 
30,000 Hz, similarly for some part of beam A or beam C at the frequency 50,000 Hz. But the 
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difference of energy density at the junctions decreases as the structural damping or excitation 
frequency increases. This phenomenon results from the boundary conditions. The difference of 
energy density at the junction become small as the hysteresis damping or frequency increases. It 
is showed that the increasing damping or frequency makes the junction dissipate less energies. 
Thus, EFEA method is a preferential selective approach of energy flow specially for evaluating 
the distribution of energy density of complicatedly vibrating structures at high frequency when 
classical approaches become too numerically intensive. 
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